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ABSTRACT

We study the mixing properties of equilibrium states it of non-Markov
piecewise invertible maps T' : X — X, especially in the multidimen-
sional case. Assuming mainly Holder continuity and that the topological
pressure of the boundary is smaller than the total topological pressure,
we establish exponential decay of correlations, i.e.,

‘/«p-on"du—/vdu-/wdu
X X X

for all Hélder functions ¢, % : X — R, all n > 0 and some C' <
o0, & > 0. We also obtain a Central Limit Theorem. Weakening the
smoothness assumption, we get subexponential rates of decay.
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0. Introduction

Our goal is to generalize ergodic and statistical properties of equilibrium states,
which are well-known in dimension one [LY, HK, R, Kel, Se, Gol, to a natu-
ral multidimensional setting. Several questions in this regard have already been
considered (existence and characterization of equilibrium states [Bu2], construc-
tion of conformal measures [BPS), absolutely continuous invariant measures [Bu0,
Bul, Bu3, Co, GB, Sau] or zeta functions [BuKe]), sometimes with surprising
results [Bud4, T3].

In this paper we study the speed of mixing of equilibrium states and prove
that it is exponential. This implies, e.g., the Central Limit Theorem.

We first consider Holder continuous weights for simplicity and then move on
to the more general case of summable moduli of continuity {Sc] (which was the
setting for the previous works [Bu3, BPS]) relying on an abstract result proved
in a companion paper [BuMa].

Our setting will be the following. (X, Z,T,g) will be a weighted piecewise
invertible map, i.e.:

e X = UZe—z7 is a locally connected compact metric space.

e Z is a finite collection of pairwise disjoint, bounded and open subsets of X.
Let Y =gz Z.

e T:Y — X is a map such that each restriction T|Z, Z € Z, coincides with
the restriction of a homeomorphism Tz: U — V with U,V open sets such
that U D Z, V > T(Z).

e g: X - R

T will be assumed to be non-contracting, i.e., such that for all z, y in the same
element Z € Z, d(Tx, Ty) > d(z,y).

Also Z will be assumed to be generating, i.e., lim,,_,o, diam(Z™) = 0 where
Z™ denotes the set of n-cylinders, i.e., the non-empty sets of the form

[AO PN An—l] = A(] n---N T_n+1An._1

for Ag,...,Ap_1 € 2.

Finally the boundary of the partition, 0Z = zez 02, will play an important
role in our analysis. In particular, we shall assume “small boundary pressure”
(see below), a fundamental condition which already appeared in [Bu2, Bu3, BPS].

A basic example is given by the multidimensional 3-transformations [Bu0], i.e.,
maps T: [0,1]¢ = [0,1]¢, T(z) = B.xr mod 2¢ with B an expanding affine map
on R%. An interesting choice of weight is the constant g(x) = | det B| L.

These systems usually have plenty of invariant probability measures, some
of them rather irrelevant such as those supported on periodic orbits. A classical
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way to select “interesting” measures is through the following variational principle
[DGS]. One considers equilibrium states, i.e., invariant probability measures which
maximize the measure-theoretic pressure:

h(p,T) - /Y log gdp

(h(pt, T) is the entropy of u — see [DGS]).

In our piecewise, multidimensional and expanding setting, existence and
uniqueness of these measures have been studied in [Bu2] and [BPS]. Furthermore,
in [Bu2] such measures have been given the alternative and more “geometric”
characterization of being exactly the invariant probability measures absolutely
continuous w.r.t. a “conformal measure”. Recall that a conformal measure is a
not necessarily invariant, probability measure on X, such that the Jacobian of
T w.r.t. this measure is equal to e~ P(XT)g=1 where P(X,T) is the topological
pressure defined below. This conformal measure can be given (like the Lebesgue
measure if g = [det T’|7!) or constructed from the weight g [BPS].

In the example given above (multidimensional S-maps with ¢ = |det B|™1),
the conformal measure is just Lebesgue measure and thus the equilibrium states
are the absolutely continuous invariant probability measures, which can indeed
be considered interesting.

STATEMENT OF RESULTS. To formulate the crucial “small boundary pressure”
condition, we need first some definitions.
The topological pressure [DGS] of a subset S of X is

1
P(S,T) = limsup - log Z g™ (A)

n—00 A€zZn

ANS#£B
where ¢(™(A) = sup,c 4 9(2)g(Tz)...g(T" ).
The small boundary pressure condition is

P(0Z.T) < P(X,T).

This inequality is satisfied in many cases. In particular, if 7' is expanding and
X is a Riemannian manifold and the weight is |det T'(x)|~! or close to it, then
it is satisfied: (i) in dimension 1, in all cases; (ii} in dimension 2, if T is piecewise
real analytic [Bu3, T1]; (iii) in arbitrary dimension, for all piecewise affine T [T2]
or for generic T [Bul, Co]. See, however, [Bu4] for an expanding counter-example
in dimension 2.
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In our favorite example (multidimensional 3-transformations, see above), the
inequality is satisfied for arbitrary ¢ as soon as

oy < (G5

with Ay, resp. A_, the largest, resp. the smallest, modulus of the eigenvalues of
the linear map corresponding to the g-transformation. Clearly, this is satisfied
for g = const = |det B|~L.

0.1. THE EXPANDING AND HOLDER CONTINUOUS CASE. Recall that a

conformal measure for (X,T,g} is a probability measure v such that
dvoT/dv =e FXTg,

MaAIN THEOREM: Let (X, Z,T,g) be a weighted piecewise invertible dynamical
system. Assume that:
H1. T is expanding, i.e., there is some X > 1 such that for all x,y in the same
element of Z, d(Tx,Ty) > A - d(x,y).
H2. ¢ is Hélder continuous with exponent +y and is positively lower bounded.
Let

() = max sup L@ =JW)
2€Z yyyez  d(,y)"
where v is some Hélder exponent of g.
H3. The boundary pressure is small: P(0Z,T) < P(X,T).
H4. There is a conformal measure v such that T"X C supp(v) (mod0) for large
enough n.
Then, T admits a finite number of ergodic and invariant measures, (i1, ..., fir,
absolutely continuous w.r.t. v with the following properties. Any invariant prob-
ability measure absolutely continuous w.r.t. v is a convex combination of these
measures. Each p; is exponentially mixing up to a period p;, i.e., p; can be
written 1 P01 T pQ with TP 0 = pf and, for alln > 1,

/sooT"p"-wdu?—/ sodu?/lﬁdu?
X X X

with constants C < oo and k < 1 depending only on (X, Z,T, g), for any measur-

<C-lellerxy - 1¥llor uoys™

able functions p,1¥: X — R such that v is bounded and y is y-Hdlder continuous.

We also obtain:
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CENTRAL LIMIT THEOREM: Under the same conditions, if ¢ is y-Hélder contin-
uous and satisfies [, pdpd =0, then setting

1 n-1 2
o’ = lim—/ (ZgOOTk) dpl

we have ﬁ S s ¢ oT* = N(0,0), where = is the convergence in law and
N(0,0) is the normal distribution with mean zero and variance o (the Dirac
measure at 0 if o = 0). Moreover, 0 =0 iff ¢ = — ¢ o T for some ¢ € L2(u?).

0.2. THE GENERAL CASE. The driving factor is the smoothness of the weight
¢ as measured by the following sequence:
9(z)
wn(g) = sup sup log —.
n zezrnayez  9(y)
In fact, it is convenient to assume only that w,(g) is not less than the right hand
side of the above equation.
Such a sequence defines the following functional space. It is the set of functions
@ on X such that

sup sup |p(z) — p(y)| < K- wy(p)-
ZeZrPayeZ pree
We set K () to be the infimum of all numbers A such that the above equation
holds for all p > 1. This condition together with this functional space were
considered by B. Schmitt [Sc, KMS].
We may now state:

MAIN THEOREM (general version): Let (X, Z,T,g) be a weighted piecewise
invertible dynamical system. Assume that:

H1. T is non-contracting.

H2. g satisfies )", ., wn{g) < oo and that it is positively lower bounded.

H3. P(0Z,T) < P(X,T).

H4. There is a conformal measure v such that T" X C supp(v) (mod0) for large

enough n.

Then, T admits a finite number of ergodic and invariant measures, pi,..., lr,

absolutely continuous w.r.t. v. Each p; is mixing up to a period p;, i.e., u; can

be written & 5PN T p0 with TP pf = 1 and, for all n > 1,

‘ [ eor i~ [ it [ vt
X X X

< (sup ol + K (9)) - [l 1 oy
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for any measurable functions ¢, ¥: X — R such that ¢ is bounded and K (p) < 00
The sequence (up)n>1 depends on (T, g) and goes to zero with a speed which
can be made explicit:
1. ifw,(g) = O(p"™) for some p < 1, then u, = O(k™) for some k < 1;
2. ifwn(g) = O(n~?) for some o > 1, then u, = O(n=(@~ 1))
3. ifwn(g) = O(e™™") for some 0 < a < 1, then u, = O(e™™" ") for arbitrary
e>0.

We also obtain:

CENTRAL LIMIT THEOREM (general version): Under the same conditions, if one
also has Y~ un < 00, for all ¢ such that K(p) < oo and [, edud = 0, setting

1 n—1
2 _ oo L k
# =t L[ (S oor) wi
k=0
we have —= Zk —opoT* = N(0,0), where => is the convergence in law and

N(0,0) is the normal distribution with mean zero and variance ¢ (the Dirac
measure at 0 if ¢ = 0). Moreover, 0 = 0 iff ¢ =4 — 1 o T for some vy € L%(u?).

OUTLINE OF THE PAPER. The rest of the paper is devoted to the proof of the
above theorems.

First we define a Markov extension —or tower— (X,T) d la Hofbauer-Keller.
Then we check that the return time R with respect to a slightly enlarged basis
X, of this tower satisfies an exponential estimate with rate exp — (P(X,T) —
P(82,T)). Finally, we build from this Markov extension an abstract tower in
the spirit of L.-S. Young [Y0]. We show that the a.c.im.’s on X lift to a.c.im.’s
on this tower. From this, the theorems above follow from an abstract result which
is proved in a companion paper [BuMa] dealing with the non-Markov case. In the
expanding and Holder continuous case, they also follow from a slight adaptation
of [YO0].

COMMENTS.
o Our Main Theorem generalizes results well-known in the globally expanding
case (see, e.g., [Bo]) or in the piecewise ezpanding one-dimensional setting
(see [Kel, LSV] and the references therein). The non-Hélder (piecewise in-
vertible) case is new, even in the one-dimensional setting with g = | det T”|
—we remark that the claim in [Go] that (in dimension 1 and with g =
|det T’|~!) the decay of correlations is always exponential rests on a faulty
lemma.
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The special case g = |detT’|™!, with g Holder continuous, has been
considered in a multidimensional setting (under a slightly more restrictive
condition than the small boundary pressure condition) in [Bu3, Sau].

e The assumption of small boundary pressure (H3) is natural. Indeed it
reduces, for instance, in dimension 1, to a standard “spectral gap” condi-
tion. It also implies the conditions appearing in [Bu3, Sau] by a remark of
M. Tsujii.

o The existence of a conformal measure (H4) is antomatic in the case with
g = |det T"{~1 (Lebesgue measure is enough). In the general case, it was
proved in a similar setting by J. Buzzi, F. Paccaut and B. Schmitt [BPS].

e L. S. Young [Y2] has asked how one could control the upper floors of the
tower for equilibrium states. We prove here that they are controlled in ther-
modynamical terms: their conformal measure decreases like the quantity
e~ (P(X.T)=POZ.T)n __gee Proposition 1.1.

o By going to a Markov extension, we avoid spaces of discontinuous functions,
i.e., spaces of functions with bounded multi-dimensional variation. This is
already a significant technical gain in the case of Lebesgue measure (g =
|det T'|~!) and seems necessary for more general weights as the classical
functional spaces are no longer adapted and tailored ones (see [Kel, Saul)
become too difficult to control ([P] studies, however, a promising functional
space).

e Our results are deduced from similar statements about a tower extension
in the spirit of L.-S. Young (see [YO0, Y1]). These statements, quoted at the
end of our proof, are proved in [BuMa].

ACKNOWLEDGEMENT: The authors are grateful to program ESF/PRODYN
which has partially supported the International Conference on Dynamical
Systems, Abbey of “La Bussiére” where most of this work was carried out. We
thank the referees of a first version of this paper for their remarks.

1. The Markov extension

We define a Markov tower extension (X, T) in the vein of F. Hofbauer [Ho| and
G. Keller [Ke2| and then prove that the pressure of the boundary provides an
exponential estimate on the tail statistics of the return times to the basis.

1.1. ConsTRUCTION. Let (X,Z,T,g,v) be as in the Main Theorem. Let
Xo={(z,Z):z € Z and Z € Z}. Recall that ¥ = Uzez Z is the domain of T.
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Forz e YNT 'Y and A C X, set
T(x, A) = (Tz,T(A) N Z[Tz))

where Z{z] is that element of Z which contains .
Set X = Unso T™(Xo). Remark that

X=|J Dwith Dx{D} and D={T"Z:n>0and Z€ Z"*'}.
DeD
Thus, X is a countable, disjoint union of (sets naturally isomorphic to) subsets
of X.
D has a natural graph structure: D — D' iff D' =T(D) N Z for some Z € Z.

1.1. THE STATISTICS OF RETURNS. We shall consider returns to an enlarged
basis of the Markov extensions: X’* = TN~ X’o for some N,. X* can also be seen
as the disjoint union of D,, the collection of the sets TN Z, Z € ZN-+1.

The figure below illustrates why points not too close to the boundary return
to Xo, explaining the idea behind the next proposition.

— - . S

1
1 1 | | 1
| | | | |
| | | |
|
1

AL | L]

L — _points returning

points going up

How points return to Xo.
Z is a grid of small squares and we have drawn some set A and its
1mage and pointed out the behavior of T(z, A) forz € A.
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PROPOSITION 1.1: For each § > 0, if N, < o¢ is large enough, then for
X, =TN X,

the return time to X,, R(Z) = inf{n > 1 : T"(%) € X,}, satisfies, for each
DeD,

v({x € D : R((z, D)) > n}) < const -exp[-n(P(X,T) = P(0Z,T) — §)]
for some positive number const < oo. This number depends on D.

Proof: Let § > 0 and D € D. Observe that D being of the form
THAon---NT *4), P(OD,T) < P(GZ,T). Thus, for N large enough, for
alln >0,

(n) < N | AP(OZT)+5)n n < O
(1) Z g Z) < e -e and ([2n/N]> <e

zezn
ZN(ODUBZ)#0

[-] is the integer part.
Set

€1 {d(Z,A):0<n < N+1, Z€ 2" such that ZNA = @}.

= min
Ae{8Z,0D}
g1 > 0 as each Z™ is finite. Obviously,

d(z,0Z[z]) <e1 =V0O<n<N+1 2z NIZ#£0

as soon as Z"[z] is well-defined.

Let ¢35 > 0 be such that for all + € X there is a connected I' € X with
B(x,e9) C T C B(x,s1). This exists because of the local connectedness and the
compactness of X.

Forx € D and n >0, let

pn(x) == sup{r > 0: B(T"z,r) C T"(D N 2" [2))}
and set
R(z) :=min{n > 0: p,(x) > e2}.

Choose N, < oo so large that the diameter of the partition ZN«+1 {5 less than
£9. Let us observe that

R((z, D)) < R(x) + N,.
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Indeed, as
ZNHUTRE ] € B(TR®) g, e,) ¢ TREN(D 0 2R ]

we have
TR(@)+N. (.Z‘, D) = (TR(z)_HV*,’L‘, TR(z)+N. (ZR(E)+N*+1[I] N D))
— (TR(E)-’-N* z, TN‘ (ZN*+1[TR($)$] N TR(x) (D N ZR(x)+1[x])))
- (TR(xH-N* T, TN* ZN*+1[TR(Q:):L,])
= TN (TR@) g, Z[TR@) ) € TV X, =: X,.
It is therefore enough to prove the exponential estimate for
v({z € D: R(z) > n}).

Cramm: For every x € D such that R(x) > n, there exists a finite sequence of
timesng =0 < ny < --- < n, =n such that, for all 0 <1 < r,

2n
(2) r< N +1,
(3) Zrin=m[Trig] N (0Z UAD) # 0,

where N was defined in (1). An interval [n;, n;4+1) satisfying eq. (3) is said to be
a shadowing interval.

Let us see that the claim implies the proposition. Let

) (p
C =sup sup sup g(n)(r)
n ZeZngyeZ 9 (y)

< supepr:w;c g) < epowk

k>1

We compute

W{R>DS Y u2)

ezn
3z€Z s.t. R(z)>n

< Y CeePEDgM gy (T Z)

ZEZEM
Jz€Z s.t. R(z)>n

(we used the fact that v is conformal). Hence the claim implies

(2n/N)+1

I/({R > n} )< C- e P (X.T) Z Z H Z g(ni+1_ni)(z)

N0, sNp 1=0 ZegMi+1 7
ZN(8ZUAD)#0

<O . e PXD) (2_" + 1) ( 2" )eéN%"en(P(aZ,T)+6)
- N (5]

< O . e—™MP(X,T)=P(9Z,T)-58)
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which is the statement of the Proposition (up to substituting 6/5 for 6). Thus,
we only need prove the claim by building the required times n;.
The claim will follow from the following combinatorial Lemma.

LEMMA 1.2: Let n > 1 and let C be a cover of [0,n) by (integer) subintervals
[a,b) which are long in the sense that b > min(a + N,n). Then there exists
a partition of [0,n) into at most 2n/N + 1 subintervals, each of which is the
beginning of some interval in C.

Deferring the proof of this lemma, we just have to see that it may be applied,
i.e., [0,n) is covered by long shadowing intervals. We prove that an arbitrary
integer k € [0, n) is contained in a long shadowing interval.

As k < n < R(z), B(T*x,e9) ¢ T*(D n ZP*1[z]). By the choice of 3, there
exists a connected set T' with B(T*z,e5) C T' C B(T*x,¢,). Hence I' must meet
the boundary of T*Z**+1[x]. Let u be a point in the intersection. Obviously,
u = Th=¢|Zk=t+1[Tlr](v) for some 0 < ¢ < k and v € Z.

[¢,k + 1) is a shadowing interval. If it is long, there is nothing else to show.
Thus, we assume that it is not long: k — £ < N.

As the map is non-contracting, d(T*x,v) < d(T*x,u) < €,. Hence,

d(2Z™[T*z],02) <&, with m = min(N,n — ¢).

By the choice of ¢y, this implies Z™[T?z] N JZ # 0. [(,{ +m) 3 k is the long
shadowing interval we were looking for. This concludes the proof of the claim
and of the proposition, modulo the proof of Lemma 1.2, to which we now turn.
1

Proof of Lemma 1.2: The sought-for partition will be

[nlw nz), ["2s nz)y ..., [nvimax—ly "limax)-

Let n; = 0 and my be maximum with [0,m;) € C. We define the sequences
n; and m; inductively.

Assume n;_; and m;_1 are defined. If n;_; = n, set ¢max = ¢—1 and terminate.
If nio1 < my_1 = n, set imax = 4, 14, = Mmi—1 and terminate. Otherwise,
consider the intervals in C containing m;_; (there exists at least one such interval
containing m;_; by the covering assumption). Pick one with the right endpoint
as far to the right as possible. Denoting this interval by [a, b}, set n; := a and
m; = b. This completes the definition of the n;’s and m;’s.

Observe that for all 1 < i < iyay, m; —n; > N as [n;,m;) € C, except if
m; =n.
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Also, for 1 < i < iax, Rit1 > m;_1, because otherwise [n; (1, m;41) 3 my_1
and m; < m;41 would contradict the choice of m;.
Therefore, for all 0 < 7 < tmax,

Nigp1 > My > ni— + N.

This proves the Lemma. 1

2. The inducing tower

Working from the previous Markov extension X, we define another tower de-
scribing the map induced by T on X, following L.-S. Young’s philosophy [Y1].

Let Ag = X, be the enlarged basis of the Markov tower previously defined
with N, large enough both w.r.t. Proposition 1.1 (with § < P(X,T)— P(92,T))
and hypothesis (H4) (so that TN+ X C suppv).

We shall write x for a point of Ag C X x D.

Let (Ap,;)jen be the partition of Ay obtained by dividing it first into level sets
{z: R(x) = r} and then according to Z7*1 on the rth level set, i.e., (Ao ;)jen is
the coarsest, partition of Aq such that R(x) and Z f([z] are constant on atoms.

We define

A¢ = {(z,0)/z € Ag and R(z) > €}.

The tower A C X x D x N is the disjoint union of the A,’s. We will denote by
A C Ay the set of (z,¢) such that (z,0) belongs to A¢ ;. The Ag;’s for £ € N,
j € N, form a partition of A which we denote by P.

Let F: A — A be defined in the following way:

{F(x,e) =(z,0+1) ifl+1<R(x),
= (TR@) g, 0) otherwise.

We remark that we do not assume that the images F#Aq ; are the whole basis
Ap. That is why we have to introduce the partition { By, ..., Bp} of A generated
by {FRAp; : j € N}. It is finite because each FRA ; corresponds to some union
of elements of D,, which is finite.

Finally, we lift the probability measure v on X to a measure 7 on A defined
by

(S x {D} x {¢}) = v(S).

Since Ag is a finite union of D, D e D, 7(Ag) < co. Also, by the choice of N,,
supp(?) = A.
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We define the following metric on A:

do(x,y) = C-exp Y w;lg)

i>s(z.y)

where s(x,y) = min{k > 0: F*(x), F¥(y) are not in the same element of P} and
C =exp}_;>,wj(g)- This last constant is introduced to have property (A.III)
below.

Let us summarize the crucial properties of the tower.

(A.I) Exponentially small upper floors. Because of Proposition 1.1,

({x € Do/R(x) > €}) < const -’

for some 0 < v < 1. In particular, 5(A) = 3, 5(Ag) < const Y, v¢ < .
Moreover, the support of ¥ is A: this follows from our construction and
the fact that the support of v contains T+ X. In what follows, we assume
that & has been normalized, i.e., 7(A) = 1.

(A.Il) Generating partition. The partition P generates under F, i.e., the
partition \/7_, F~"P is the partition into points. In particular, dy defines
a metric on A.

(A.IIl) Bounded distortion. Let JF be the Jacobian of F with respect to o.
Obviously, JF(z,¢) =1if (+1 < R(x) and JF(z, R(z) — 1) = gp(p ().
If x,y are in the same B;, we can define their paired pre-images ' and
y' as follows: F"z’ =z, F*y' = y and F*(2') and F*(y’) belong to the
same element of P for 0 < k < n. We have

JF"( "
—1| < dp(x,y).
JF" ) . > O(Iv y)
. _ JF™(z')
Indeed, recalling that C' = ijl w;j(g) > log TF ()’
JF"( F”(:c)
1‘<C .1 <C- E w;(n).
JE(y') & TF(y) ormtew 2

(A.IV) Markov properties. {FR(AO,J-) : j > 0} is finite and consists only of
sets with positive measure. Moreover, each FRAOJ is a union of some Ag 4.

2.1. LIFTING A.C.L.M.’S.  To analyze an arbitrary, ergodic a.c.i.m. on X we first
have to lift it to the inducing tower A:
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PROPOSITION 2.1: Ifyu is an ergodic v-a.c.i.m. on X, then there exists an ergodic
p-a.c.i.m. ji on A projecting to yu by the semi-conjugacy #: A = X, n(x, D, ) =
T z.

To prove this, we begin by finding a not necessarily invariant, probability
measure fig on A with projection on X absolutely continuous w.r.t. pu. We set
fio = 1% nq-1(s) - ¥, where S is invariant and such that p(5) =1 and w(S)y=0
for all other ergodic v-a.c.im.’s (there can be only countably many measures
which are pairwise singular and absolutely continuous w.r.t. a given measure).

We have to check that this fig can be normalized. Because of {A.l), m. (D) <
C - v(X) < 00. We have to see that i is not zero, ie., b(X, N 7~1(S)) > 0.
But this follows from the invariance of S and the fact that the P-a.e. point of X
eventually enters X, by Proposition 1.1.

Thus we can normalize fig.

Now, we claim that we can take ji to be any weak* limit point, say fi, of the
sequence L Y70 FFjip.

Clearly ji is F-invariant. Let us show that g is P-absolutely continuous. For
this we consider the sequence of the corresponding densities. Introducing the
transfer operator for (F, 7},

fy)
Lf(x) = —=s
ye;l(m) JF(y)

where JF is the Jacobian of F w.r.t. 7, these densities are 1 5720 Crdjio/dp
(recall that dfig/di = C). The absolute continuity will therefore follow from the

CraM: There is a constant K < oo such that for all x € A, n > 0, (L"1)(x)
<K.

The claim together with (A) = 1 allows the application of the Lebesgue
dominated convergence theorem to see that the p-absolute continuity of the pro-
jections of the measures F¥ /i passes to the limit ji. For the same reason, f is
a probability measure. Finally, as 7.2 << v and 7. i(S) = 1, 7.t << p. By
ergodicity, this implies 7. = p, proving the Proposition, except for the claim.

We need some facts. Recall that P is the partition of A obtained by translation
from the partition of Ay according to the return time R and ZR—itinerary. For
k€ Nand z € A, Ci(x) denotes the k, P-cylinder which contains x.

LEMMA 2.2: There exists C' < oo such that for any f € N, x € Agand k € N
with F*x € Ao,

C19(Cue)) < Ty < CPCH().
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Proof: Let x € A, such that F*(z) € Ag. The Markov property and the large
image property (A.IV) imply that #(F*Cy(z)) > », a positive constant. The
bounded distortion property (A.III) gives

1 ?(Ci(x)) 1 ?(Ci(x))
W) STF® S )

HCue)) 1 H(Ce(x))

¢ 1 SJF’“(:I:) =0 n

The Lemma is proved. ]

We now prove the claim.
The upper bound £"1 < K follows from Lemma, 2.2, writing

(1) Lri(zy= Y J <C >oob ) < C-p(X).

r'eF—n z'eF—"x

This concludes the proof of the Lemma.

3. Proof of the Theorems

Let us first quote a theorem with two corollaries that give our Main Theorem
and Central Limit Theorem for an abstract tower. These are proved in a com-
panion paper which considers a more general setting, in particular non-Holder
smoothness. However, the reader may remark that in the Holder setting, these
facts essentially reduce to L.-S. Young’s abstract results [Y1], after taking care
of the following technicalities:

e We have a “Markov rather than a Bernoulli picture”: the returns are not

to Ag, but to finitely many elements By,..., B, C Ag.
e Our return times are not lower bounded by an arbitrary a priori constant.
o The tower is not aperiodic.

THEOREM 3.1 ([BuMal): Let (A, F, »,dp) be a tower system satisfying (A.I-IV).
Let £ be the transfer operator associated to it.
Then, if fi is a P-a.c.i.m., there exist an integer 1 < p < oo, a decomposition
= UiZy T*A.  (mod i) (FP(A.) = X.) and a function h, € L*(A,) such
that, for any ¢ : A, = R bounded with K (p) < oo,

1£7¢ — fu(0) - Pulloo < (l@lloo + () - un

for all n > 0. Here fi. = p-ji-1a,, K(p) is the supremum of the Lipschitz
constants, w.r.t. do, of the restrictions p|A; ;.
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The sequence (un)n>1 depends on (F, D) and goes to zero with a speed which
can be made explicit:
1. ifw,(g) = O(p") for some p < 1, then u, = O(k") for some £ < 1;
2. ifwn(g) = O(n=%) for some a > 1, then u, = O(n~(@~V);
3. ifwy(g) = O(e™™") for some 0 < o < 1, then u,, = O(e™"""") for arbitrary
e>0.

COROLLARY 3.2 ([BuMa|): In the same situation, we have that for all ¢, €
L>*(A,) with K(p) < oo,

[ oerrvan- [ span [ vai] < ol + KDy v
for all n > 0 for the same sequence (uy)n>1 as above.

COROLLARY 3.3 ([BuMal): Assuming additionally that) ", -, un, < 00, we have
the Central Limit Theorem for all functions ¢ bounded and dy-Lipschitz.

To deduce our Main Theorem and our Central Limit Theorem, it is enough
to first lift the ergodic v-a.c.im. p to A using Proposition 2.1 and make the
following remark. If ¢,v: X — R are as in the Main Theorem, then ¢ o 7 is
v-Hoélder continuous and @ o # € L. Finally, note that the integrals over A
involving these lifted functions are equal to the integrals in the Main Theorem.
For instance,

/(pO?T'wOﬂ'OFndﬂ:/(Lp'd)OTn)OTl'dﬂ:/ p-PoTdu
A A X
byroF=Tonm and m.j1 = p.
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